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Piano Fob8 2'~e" 
125 < 2"2 -- 3"5 
14~ < 2"2 0"2 
16~  4"8 5"5 
18~  4"1 - -  4"9 

1,10,5 4.4 -- 4.2 
1,12,~ < 2.1 -- 0"1 

22~ < 2.2 0.2 
245 < 2.3 2.9 
265 < 2.3 1.2 
2 8 ~  3 .8  - -  4.5 

2 , 1 0 , ~  < 2 .2  - -  1-3 
2 , 1 2 , 5  < 1 .9  - -  2 . 5  

3 2 ~  < 2 .3  1 .0  
3 4 5  < 2 . 4  1"2 
365 < 2.4 - -  1 .8  
385 < 2.4 2.3 

425 < 2.4 -- 4.5 
443 < 2.4 2-4 

Tab le  8 (cont.) 

k + l = 2 n -  1 (cont.) 

Plane Fobs. F~c" 
465 < 2.4 - -  4.3 

016 3.7 -- 5.1 
036 < 2-4 2.3 
056 4-5 3.1 
076 < 2.4 -- 1.2 
096 2.7 -- 2.9 

0,11,6 2.0 -- 2.6 

116 <2.3 -- 0.6 
13~ < 2.3 -- 2.2 
15~  < 2 .3  3 .3  
17~  < 2 .4  - -  1 .6  
19~  < 2 . 2  - -  0 .1  

1,11,~ < 2.1 1.6 

215 19.2 23.5 
23~ < 2.4 4.9 
25~ 3.4 -- 4.8 
27~ 7-0 -- 8.3 
29~ < 2.0 - -  0.4 

Plane Fobs. Fcalc" 
316 <2"4 2"6 
336 < 2"4 -- 1"5 

41~ <2"3 1'7 

51~ < 2.0 3.0 

027 4.4 3.5 
047 < 2-3 2.1 
067 2.2 2-3 

127 < 2.3 1.3 
147 < 2.3 1.0 
167 4.1 -- 4.0 

227 < 2"3 0"9 

318  8 .2  8"0 
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The crystal  s tructure of ammonium trinitrabe, NH4NO a. 2HNO3, has been examined by means of 
X-rays, using two- and  three-dimensional Fourier methods. The structure may  be described as 
consisting of sheets containing NH + and NO 3 ions separated by sheets containing HI~Oa mole- 
cules, with two nitric acid molecules uni ted by  hydrogen bonds to one nitrat~ ion. The bond lengths 
show, however, t ha t  this is a considerable over-simplification of the facts. 

I n t r o d u c t i o n  

The  work  of  Han tz sch  (1925, 1928) led h im to  the  view 
t h a t  the  n i t r a t i o n  reac t ions  of  n i t r ic  acid in different  
solvents  were due to  the  presence of  the  ions N O ( 0 H )  + 
and  N ( 0 H )  ++. La t e r  work  has  modif ied these views 
(Hughes,  Ingo ld  & Reed,  1946; Goddard ,  Hughes  & 
Ingold ,  1946; Benne t t ,  B r a n d  & Wil l iams,  1946), and  
i t  is now es tabl ished t ha t ,  in sulphur ic  acid media ,  
these  reac t ions  are due to  the  presence of  the  ion NO + , 
bu t  i t  is still  regarded  as p robab le  t h a t  t he  ion N 0 ( 0 H )  + 
m a y  be ac t ive  in o ther  media  (Halbers tad t ,  Hughes  & 
Ingold ,  1946). The  c rys ta l - s t ruc ture  analysis  of  am- 
m o n i u m  t r i n i t r a t e  was u n d e r t a k e n  for the  i n fo rma t ion  
which  i t  m igh t  give upon  th is  topic.  

P r e p a r a t i o n  o f  m a t e r i a l  

The  sys tem N H 4 N 0 3 - H N 0 3  was s tudied  by Groschuff  
(1904), who inves t iga ted  the  condi t ions  necessary  for 
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the  isola t ion of  a m m o n i u m  t r in i t r a t e ;  our  p r epa ra t i on  
was based upon  the  phase  d iagram publ i shed  by  him.  

A n h y d r o u s  ni t r ic  acid in a pure  s t a te  was p repared  
by  vacuum-d i s t i l l a t ion  of  pure  ni t r ic  acid (d=1 .42 ,  
10vol.)  wi th  concen t ra t ed  sulphur ic  acid (d=1 .84 ,  
13.2 vol.) in an  all-glass appara tus .  The  pure  ni t r ic  acid, 
of  no t  less t h a n  99.9 % pur i ty ,  which was collected in 
a receiver cooled in  ice-water,  was s tored in the  da rk  
in a refr igerator ;  under  these  condi t ions  the  acid 
r emained  colourless for periods of  months .  

A m m o n i u m  n i t r a t e  of  ' A n a l a r '  grade was powdered  
and  dr ied a t  100 ° C. for several  days,  being f r equen t ly  
st i rred,  and  was f inal ly k e p t  over  phosphorus  pen tox ide  
for several  weeks before use. 

I n  order  to  be able  to  isolate  a n d  preserve  single 
crys ta ls  of  t he  t r in i t r a te ,  i t  was found  necessary  to  t a k e  
the  mos t  s t r ingent  p recaut ions  to  exclude mois ture ,  and  
to  avo id  condi t ions  in which  n i t r ic  acid v a p o u r  m i g h t  
decompose.  Fo r  the  p repara t ion ,  2.50 g. of  a m m o n i u m  
n i t r a t e  and  7.50g.  n i t r ic  acid were mixed  in  a stop- 
pered flask and  t rans fe r red  to  t he  c rys ta l  i sola t ion 
appa ra tus ,  consist ing of  a boil ing tube  t h r o u g h  which  
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a stream of air was passed; this air had been dried with 
phosphorus pentoxide, and brought to equilibrium with 
solid ammonium trinitrate. Crystallization was in- 
duced with 'Drikold' ,  and the solution was stirred and 
allowed to stand. A suitable crystal was selected using 
a binocular microscope and drained on a vacuum filter 
in the boiling tube. I t  was then mounted on a glass 
fibre and transferred without contact with external air 
to a small polythene container which was then mounted 
on the goniometer. 

Polythene was chosen as the material for the en- 
closing tube, as it is unaffected by nitric acid and is very 
transparent to copper K radiation. The container, 
which was cylindrical, had a wall thickness of 0.3 ram., 
uniform to 0.01 ram.; it contained 'anhydrone '  to act 
as a desiccant and some solid ammonium trinitrate to 
maintain the vapour pressure of nitric acid within. 
The fibre support was so arranged that  the crystal was 
in its correct position on the axis of the container, which 
in use was not allowed to deviate from an axis-vertical 
position by more than c. 3 °. Under these conditions, 
differences in absorption by  the container walls of 
diffracted beams of a given layer line were so small tha t  
they could be neglected. Polythene is crystalline and 
gives a strong powder pat tern when exposed to X-rays, 
but  no difficulty was experienced in making a suitable 
allowance for this when relative intensities were being 
measured; also, it  is not transparent  to light, and 
preliminary adjustment of the crystal had to be carried 
out by  viewing the crystal in a measuring microscope 
through a small glass window in the end of the con- 
tainer, and bringing it  to a predetermined height 
relative to the goniometer. 

These operations were carried out in a room lit only 
by  artificial light, to avoid photochemical decomposition 
of nitric acid, and subsequently the crystal was kept 
in the dark except for brief periods when the camera was 
being changed. A current of dry hydrogen was passed 
through the camera to exclude moisture. 

Preliminary crystallographic examination 

Three series of single crystal 15°-oscillation photo- 
graphs were taken using Cu K~ radiation (Ni filter); 
the crystals were oscillated about the crystal axes, 
covering 90 ° about [a] and [b] and 180 ° about [c]. 
The axes were found to be 

a=6.57,  b=12.64, c=4.56A.  

(X(Cu K~) = 1-542 A.). Absent reflexions were (i) odd 
orders of 001, (ii) odd orders of 0k0, with the exception 
of a weak 010 reflexion. From these results, and the 
symmetry of all oscillation photographs about the 
equator line, the crystal was considered to be mono- 
clinic, pseudo-orthorhombic; and the space group to be 
P2 i very slightly distorted from P2212i; the only evi- 
dence for this slight distortion is the weak 010 reflexion. 
Orthogonality of the lattice in planes perpendicular to 
the [c] axis (the true 2 i axis) was checked by recording 

on one film, without disturbing the camera, the four 
equatorial reflexions of type 6,11,0; they coincided 
in pairs, and it was concluded tha t  any distortion of 
angle 0/ from 90 ° was less than 10sec. of arc, ff it  
existed at all. Comparison on [c]-axis films of intensities 
of refiexions arising from adjacent quadrants of the 
reciprocal lattice showed no departure from ortho- 
rhombic symmetry.  The very close approach of the 
space-group symmetry to P2212 i led to the choice of 
P2 i as the true space group, since these two symmetry 
groups can lead to similar structures which can be 
derived from each other by minor displacements. The 
orthorhombic space group P222 i is also possible from 
the extinction and symmetry data, but  was rejected 
since it would require an entirely different structure 
from that  required by P22121. 

An approximate measurement of density gave a 
value of 1-76g.em.-3; this measurement was made by  
synthesis of some salt in a specific gravity bottle 
followed by the use of a displacement method, since 
crystals always adhered to the walls of the container 
when a flotation method was tried. This value for the 
density leads to a value ofn = 2 units ofNH4NO 3 . 2HN03 
per unit cell. 

Measurement  o f  intensifies 

Film processing was carried out under standardized 
conditions at  18 ° C. 

Intensities of reflexions were estimated visually from 
oscillation photographs (see above) by means of a 
standard scale of spots of known exposure ratio. 
Spots which were too intense for estimation were 
reduced in intensity by the use of aluminium foil 
screens. The recorded intensities ranged from 1 to 
5500 on an arbitrary scale. The visual comparison was 
carried out with extreme care, on an oal screen in a 
darkened room, using a headband-type magnifier, 
which was found greatly to facilitate the work. The 
usual corrections were applied for angular-velocity 
effects and polarization by means of the expression 
F2=kIDp/L, where D is the Cox & Shaw factor, p 
the polarization factor and L the Lorentz factor; all 
reflexions were then brought to the same arbitrary 
scale by  means of a process of systematic comparison 
and averaging. The effects of absorption were minimized 
by the use of small crystals of approximately square 
section, and no absorption correction was applied. 
Finally, a table of relative structure amplitudes (Fobs.) 
was constructed. 

Determinat ion o f  the structure 

The structure was treated as though its space group 
were P22i2 i. This space group accommodates four 
asymmetric units in general positions or two twofold 
axially symmetric units situated on twofold axes. 
The NH~ and NO~ ions were assigned to positions on 
the twofold axes and the HNOs molecules to general 
positions. Two of the oxygen atoms of NO~ will not 
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lie on the twofold axis and are equivalent to one oxygen 
atom in a general position; it is necessary therefore to 
determine eighteen parameters to define the structure. 
I t  was found that the possible orientation of the nitrate 
ion was limited by approach of 011 and 01s to NH + ions 
(see Fig. 2). Attention was focused upon the 0k0 and 
001 reflexions, and structure amplitudes were calculated 
for the 'NHcNO 3' part of the unit cell for a series of 
positions within the narrow range of movement per- 
mitted to the 'NO~' ion. Structure amplitudes were 
then calculated for the 'HNOa' part of the unit cell, 
making reasonable assumptions regarding the posi- 
tions of the atoms. A comparison of these two sets of 
structure amplitudes with the observed values enabled 
the signs of the 040, 060 and 002 reflexions to be cor- 
rectly deduced, and indicated the likely arrangement of 
HNOa molecules. From this preliminary model of the 
unit cell, calculations of 0kl structure amplitudes were 
made, followed by adjustments of parameters, until a 
tolerable measure of agreement between observed and 
calculated structure amplitudes was obtained; Bragg 
charts were employed in deciding the movements of 
different atoms which were necessary to improve the 
agreement. A series of two-dimensional Fourier pro- 
jections on (100) was then made, but the resolution of 
atoms of the HNO a molecule did not enable a choice to 
be made between two possible orientations. A Patter- 
son F 2 synthesis projected on (100) was next carried out, 
and it was found possible by its aid to decide upon the 
general orientation of this group, and further refinement 
was continued by means of two-dimensional Fourier 
projections. I t  was then found possible to assign 
approximate z co-ordinates in a unique manner, and 
a similar process of refinement was carried out by two- 
dimensional Fourier projections on (001). 

The parameters of the atoms were then further 
refined by means of four complete sets of three-dimen- 
sional Fourier lines parallel to the [a] axis, and sections 
parallel to (100) using all hkl reflexions (Fig. 1) (452 
terms observed). 

Finally, an average atomic scattering curve was 
drawn, and structure amplitudes were calculated, 
making the assumption that  

f(oxygen) :f(nitrogen) :f(Ntt  +) = 8 : 6 : 6, 
where f is the atomic scattering factor; it was found 
that  this ratio was in best agreement with the results. 
Comparison of the experimental scattering curve with 
the theoretical curve showed that the experimental 
structure amplitudes were already on an approximately 
absolute scale; they were therefore treated as absolute 
for drawing contour maps of electron density. Since 
the observed and calculated amplitudes are on the 
same scale, the fact that  the scale is not quite absolute 
will not affect the value of the expression 

Z II Fo~s. I -  l F~alc. I[ 

which was found to be 0.18. 

Following the suggestion of Booth (1946), the probable 
systematic error of the parameters, due to £ermination 
of series, was estimated by carrying out a two-dimen- 
sional Fourier projection on (100) using calculated 
values of the structure amplitudes, and measuring the 
resulting movements of the atoms; the z co-ordinates 
were assumed to be subject to the same errors as were 
revealed for the x and y co-ordinates. 
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Fig. 1. Composite three-dimensional Fourier section of the 
unit cell by a series of planes, parallel to (100), which pass 
through the contros of atoms; contours are at equal intorvals 
of approximately 2 o.A. -3. 011 is displaced to reveal ST, 
and O12, and hydrogen-bonded atoms are shown linked by 
a broken line. 

Results of the analysis and description of the structure 
The atomic parameters are summarized in Table 1. 

Table 1. Atomic parameters 

x y z 
Special positions: 

NH 4 0.120 0 0 
Nll 0.389 ½ 0 
Oll 0.208 ½ 0 

General positions: 
O,2 0.489 0.447 0.185 
N~ 0.223 0.234 0.386 
O21 0.324 0.213 0.170 
022 0.107 0.177 0.515 
O2a 0.237 0.331 0.496 

Substitution of the parameters in the co-ordinates of 
the point positions of space group P22121 (International 
Tables) gives the position of every atom in the unit cell. 
Fig. 2 shows the disposition of the atoms in the struc- 
ture and the calculated bond lengths and interbond 
angles. The probable error of bond lengths is estimated 
to be +_ 0.02A. The structure consists essentially of 
sheets containing NH~ and NO~ ions, between which 
are sheets containing the HNOa molecules, but the 
bond lengths show that  this simple description can be 
used only for focusing ideas; for simplicity, this descrip- 
tion will be used in the following discussion. 
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The nitrate ion does not possess a threefold symmetry 
axis but is planar, being situated with the N 1 and 011 
atoms on a twofold axis of symmetry. The bond lengths 
and angles may be compared with those observed in 
the nitrate ion in sodium nitrate (Elliott, 1937), namely, 
I~I-O = 1.21 A. and /_O-N-O = 120 °. The difference ob- 
served in the present case is attributed to the formation 
of two hydrogen bonds, joining each nitrate ion to two 
nitric acid molecules; the presence of these hydrogen 
bonds is shown by the small separation (2.63A.) of 
O12 of the nitrate ion and O~a of a nitric acid molecule. 

The NH + ion has twelve oxygen atoms as nearest 
neighbours, in a deformed close-packed arrangement, 
the observed NH+-O distances being 3.01, 3.10, 3-13, 
3.14, 3-17, 3-24 A. I t  appears that  a weak hydrogen bond 
exists between NH + and 01~ (separation 3.01 A.), but 
for the remainder, conclusions regarding such bonding 
are less certain. On stereochemical grounds it seems 
probable that  only three hydrogen bonds can be formed 
by NH + at one time, and possibly a selection process 
occurs between possible orientations, which may be 
fixed during crystal formation or may undergo change 

"".0 

II , I £'~ 1.3~ r-( 

,/y. Y -- ,-@ --N \ 

Fig. 2. The atomic arrangement in the crystal. The unit cell is outlined, and s~ereoscopic effect is gained by assigning to an 
atom a diameter depending only upon its z co-ordinate. The nearest and further HNO3 molecules lie wholly out~ide the unit 
cell shown. Lengths are _ 0.02A. 

The HNO3 molecule is planar (calculated distance of 
N~. from plane of 09.1-02~-023 = 0.005 A.) and two oxygen 
atoms are equivalent (N2-0~1 = 1.20, N~-O99 = 1.22 A.) 
within the limits of experimental error. The remaining 
oxygen atom 02s has a greater separated from the 
nitrogen atom (1.33A.) and is considered to be the 
-OH oxygen; this view is supported by the observation 
of hydrogen-bond formation between this atom and 
01~ of the nitrate ion. These results may be compared 
with the values obtained by Maxwell & Mosley (1940) 
from an electron-diffraction study of nitric acid vapour, 
namely, 

N-O = 1.22 + 0.02, N-OH = 1.41 + 0.02 A. 

There is no significant difference between the N-O 
values, but the different N-OH bond length is again 
attributed to the influence of hydrogen-bond formation 
involving the -OH group. 

The following distances are observed between the 
remaining non-bonded oxygen atoms: 3.04, 3.11, 3.14, 
3-15, 3-15, 3.17, 3-22, 3"23, 3.25, 3.27, 3.31, 3-33A. 

with time. The likely manners in which such a system of 
hydrogen bonds could be formed involve orientations 
of the NH~ ion such that  it does not possess a twofold 
symmetry axis coinciding with that  required by space 
group P22121. Therefore, the deformations produced in 
neighbouring groups will not conform t~ the space- 
group symmetry, which will be lowered to that  of a 
monoclinic or even triclinic space group; this effect 
would probably be small for such weak hydrogen bonds. 
The strong 062 reflexion is accompanied by considerable 
diffuse scattering; the 062 plane coincides almost 
exactly with the plane of the nitrate ion situated on the 
twofold axis, and it seems likely that  the diffuse scat- 
tering arises from the thermal vibrations of this group. 
These thermal vibrations will destroy the twofold 
symmetry of this axis, and will therefore result in a 
lowering of the space-group symmetry. These two 
effects are thought to account for the weak 010 reflexion. 

Dr F. J. Wilkins suggested the subject of this work, 
and his interest and encouragement axe gratefully 
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Table 2. Observed and calculated structure am, glitudes 

hbl Fobs. F~¢. a (o) 

(OLO) (1.8) - -  - -  
020 11.5 16.9 180 
040 27.2 39.3 0 
060 24.6 28.1 0 
080 4.6 8.6 180 

0,10,0 1-1 2.1 0 
0,12,0 7.5 7.0 0 
0,14,0 2.1 1.2 0 
0,16,0 1.5 2-2 0 

011 13.1 16.7 180 
021 4.7 3.4 0 
031 15.7 16-4 180 
041 25.3 27.9 0 
051 5.3 7.2 180 
061 3.9 3.8 180 
071 1.3 0.0 180 
081 14.0 15.4 0 
091 3-3 2.1 180 

0,10,1 6.5 8.0 180 
0,11,1 1.5 1-1 180 
0,12,1 1.6 0.6 0 
0,13,1 1.8 0.6 180 
0,14,1 2.7 3.5 180 
0,15,1 3.5 0.7 180 

002 32.4 32.2 0 
012 6-5 6'6 180 
022 1.7 0"7 180 
032 7.3 9.1 180 
042 2-3 2.1 0 
052 4.9 3"6 180 
062 30"7 34.3 0 
072 9"3 10.4 180 
082 5" 1 4.6 0 
092 5"6 5"0 0 

0,10,2 4.5 6"1 0 
0,11,2 3"0 2.6 180 
0,12,2 10.7 13"5 0 
0,13,2 2"4 4.4 0 
0,14,2 1.1 2-1 180 

013 1"4 2.5 0 
023 - -  0-2 180 
033 1.8 4.0 0 
043 2-3 3.7 180 
053 8.0 10.4 180 
063 4-3 3.0 180 
073 1.6 0.4 180 
083 2.3 2.0 0 
093 5.3 8-9 180 

0,10,3 3.0 2.7 180 
0,11,3 2.4 4.2 180 
0,12,3 2.4 2.7 0 
0,13,3 1.0 0-2 0 

004 8-7 10.3 0 
014 5.6 6.0 0 
024 8.2 6.0 0 

AC3 

hkl Fobs. Fc~c. ~ (°) 
034 1.3 0.0 0 
044 2.8 1.6 180 
054 4.2 7.1 0 
064 13.8 14-5 0 
074 - -  1.2 0 
084 1.0 1.5 180 
094 - -  0.0 - -  

0,10,4 2.6 2.8 0 

015 1.7 3.1 180 
025 1.8 1.8 0 
035 4.0 4.7 180 
045 2.8 4.8 180 
055 1.3 0.8 0 
065 1.6 1-8 0 
075 3-3 1-2 180 
085 2.2 1.8 0 

100 7.2 8-3 180 
110 8"7 11"1 270 
120 17"0 20"3 180 
130 15"9 18"0 270 
140 8.4 9"3 180 
150 9"5 10"1 90 
160 15"1 17"8 0 
170 19"5 25.0 270 
180 4"2 4--9 0 
190 11"0 11.4 90 

1,10,0 3"4 5-0 0 
1,11,0 7.7 8-1 270 
1,12,0 5.8 7-9 0 
1,13,0 - -  0"5 270 
1,14,0 2.1 3"3 180 
1,15,0 1.2 0.7 270 

101 16-1 15.0 270 
111 30.9 26.8 290 
121 40-5 40.1 100 
131 32.9 32.4 35 
141 31-1 29.1 133 
151 11.9 13-2 244 
161 5.8 6.6 206 
171 5.3 5.3 37 
181 13-0 14.8 114 
191 3.4 2.4 7 

1,10,1 10.4 10.6 80 
1,11,1 1.3 2.6 224 
1,12,1 4.1 5.0 302 
1,13,1 2.3 2.7 59 
1,14,1 6.4 7.5 74 
1,15,1 3.1 2.5 324 

102 27.9 27.6 0 
112 12.6 13.5 309 
122 4.8 4.1 253 
132 4.7 4-3 49 
142 5.7 6-7 68 
152 14-6 15.2 319 
162 5.9 5.8 331 

hbl 
172 
182 
192 

1,10,2 
1,11,2 
1,12,2 
1,13,2 
1,14,2 

103 
113 
123 
133 
143 
153 
163 
173 
183 
193 

1,10,3 
1,11,3 
1,12,3 
1,13,3 

104 
114 
124 
134 
144 
154 
164 
174 
184 
194 

1,10,4 
1,11,4 

105 
115 
125 
135 
145 
155 
165 

2O0 
210 
220 
230 
240 
250 
260 
270 
28O 
290 

2,10,0 
2,11,0 
2,12,0 
2,13,0 

Foba 
3"8 
6-1 
1"6 
2"5 
3"2 
1"7 
2'1 
1"9 

8-7 
6"6 

19"6 
6"0 

10"7 
5"9 
5"2 
5"3 
9"8 
7"6 
2"3 
1"9 
0"8 
1"9 

4"1 
6"0 
1"8 
2"9 
2"7 
6-5 
3"4 
2-5 
2'4 
2"1 
1-3 
1"5 

2"7 
3"9 
1"8 
4"0 
5"4 
1-6 
1"3 

21"4 
15.4 
27-2 

3.4 
11-4 

7.9 
9.9 

11.5 
9.0 
3.8 
3.5 
5-8 
5.3 
2.8 

"~calc. 
4"2 
8"5 
2"0 
1-9 
1"5 
1"8 
4"2 
1"9 

10"6 
7"0 

19"3 
5-0 

10"6 
4"6 
4"6 
4"3 

12"2 
9'3 
2"2 
1"2 
1"5 
2"5 

5"4 
6"3 
1"9 
3-1 
2"2 
3"9 
4"3 
3"6 
4"1 
2"4 
2"6 
0"7 

2"0 
4"4 
2"4 
5-2 
6"6 
1"4 
2"8 

27"4 
15"7 
37.3 

3.3 
10.9 

7.0 
10.1 
10.5 

9.8 
5-6 
5.3 
6-5 
5.7 
0"7 

(°) 
304 
175 
281 
146 
261 
276 
219 
125 

270 
216 

81 
65 
83 

309 
293 

47 
82 

348 
128 
49 
89 

353 

0 
222 
166 
138 
258 
234 

40 
179 
237 
287 

74 
54 

90 
50 
61 

332 
82 

121 
280 

180 
90 

0 
90 

180 
9O 

180 
90 

180 
270 
180 

9O 
180 

9O 

20 
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hbl $'ob~ F~¢,  a (o) 

2,14,0 1-3 1"1 180 

201 24"8 25"8 270 
211 16"0 14"7 135 
221 31.8 26.9 58 
231 23-1 19-9 349 
241 5-2 4-4 30 
2 5 1  4.2 4-6 147 
261 17.6 18.9 340 
271 3-7 3.5 63 
281 8.1 10.1 109 
291 12.0 13-5 347 

2,10,1 3.9 3.2 6 
2,11,1 3.1 3.0 126 
2,12,1 4.2 4.8 192 
2,13,1 2.3 3.2 315 
2,14,1 1-5 2-8 118 
2,15,1 " 1.4 1.7 33 

202 19-4 20-1 180 
212 13-1 12.5 122 
222 7-8 8-4 169 
232 8.9 7.8 246 
242 5.2 5 .7  267 
252 16.8 17.6 125 
262 8-5 8.6 142 
272 3-0 0.9 114 
282 5-3 6.5 297 
292 5.0 4.2 154 

2,10,2 5.3 5.7 42 
2,11,2 5-2 5-8 44 
2,12,2 3"0 3.5 206 
2,13,2 1.9 0-8 110 
2,14,2 1.1 1-1 26 

203 2-0 1.7 90 
213 5-4 6.2 357 
223 1.3 1-7 126 
233 11.9 12-9 5 
243 9-3 8-7 114 
253 2.6 2.5 263 
263 5.5 5.7 270 
273 4.0 5.2 160 
283 5.0 4.4 122 
293 2-7 3.2 342 

2,10,3 2.8 2"4 44 
2,11,3 1.7 3.5 181 
2,12,3 2-1 3.2 260 

204 0-9 1.1 180 
214 5.2 4.6 123 
224 5-3 4.6 210 
234 4-5 6.3 345 
244 6-2 5-4 5 2  
254 4.0 5.6 60 
264 6.0 6.3 202 
274 2.5 2.3 26 
284 2.1 2.0 44 

205 1-9 3.1 270 
215 2-3 3.2 188 
225 2.3 3.1 122 
235 3.4 3.9 10 
245 2.0 1.1 80 
255 1.4 2.3 210 

300 17.8 21.2 180 
310 12.6 12.9 90 
320 20-5 18.4 180 
330 17-5 17-4 270 
340 2-9 2-2 180 
350 8.2 11.7 90 
360 5.2 4-9 180 
370 11.3 9.0 90 
380 3-6 2-9 0 
390 10.3 10.6 270 

T a b l e  2 (cont . )  

hkl F o ~  F~¢.  a (°) 

3,10,0 5"8 6"9 0 
3,11,0 8.1 10.3 90 
3,12,0 3"7 4.7 180 
3,13,0 0.8 0.7 270 
3,14,0 2-1 3.0 0 

301 13.0 11.1 90 
311 12.2 10.9 51 
321 11.2 13.1 181 
331 11.8 10.1 240 
341 7.1 5.8 116 
351 7.8 6.6 15 
361 11-8 13"0 180 
371 7.3 8"3 198 
381 5.7 4.8 74 
391 1.5 0.7 61 

3,10,1 1.5 2-8 252 
3,11,1 2.9 2.4 182 
3,12,1 3-6 3.4 47 
3,13,1 - -  0-7 117 
3,14,1 2.6 2.9 15 

302 11.1 9-7 180 
312 17.5 15.8 123 
322 9"0 10-2 356 
332 21.8 19.7 317 
342 3.6 4.7 134 
352 9"9 11.7 90 
362 7-7 7.8 187 
3 7 2  6-4 5.9 38 
382 3.1 2.9 140 
392 6.3 6-6 279 

3,10,2 4-1 5.1 194 
• 3,11,2 3.8 5.2 119 

3,12,2 2.1 2.6 161 

303 2.2 0 360 
313 8.9 9.1 143 
323 3-7 2.2 59 
333 4.5 3-1 266 
343 1.3 1.9 324 
353 5.1 4.3 159 
363 5.2 4.2 58 
373 4.8 6.5 358 
383 - -  1.4 120 
393 1.7 1.1 143 

3,I0,3 1-7 1.3 38 

304 3.9 4-2 180 
314 4.4 5.2 65 
324 ! ' 0  1.5 277 
334 7.2 8.1 230 
344 1-2 0.9 119 
354 5.1 6.4 113 
364 2.9 4-1 205 

305 0:9 0.2 270 
315 2.1 2.2 6 
325 2.2 2.7 69 
335 1.0 0.9 92 

400 3.2 8.7 0 
410 14-0 14.7 90 
420 2.1 0.3 0 
430 0.8 4-3 270 
440 1-5 0.7 180 
450 11.4 13.9 90 
460 9-8 8.3 180 
470 1.8 0.4 270 
480 1.7 3"3 180 
490 1.4 0.6 90 

4,10,0 7.7 9.1 180 
4,11,0 3.7 3.0 90 
4,12,0 1.8 0-9 180 
4:13,0 - -  0.3 90 
4,14,0 1.9 1.3 180 

hkl .Fob.. F . ~ .  a (°) 

401 1.8 0"6 90 
411 3"9 3.8 293 
421 13.0 12.0 294 
431 16.5 18.6 166 
441 7.1 6-8 2 
451 5-3 4-8 13 
461 7-3 7-9 310 
471 6.1 4.9 360 
481 3.6 2.0 345 
491 7.8 9.0 163 

4,10,1 2.7 1-9 241 
4,11,1 5-3 6.9 334 
4,12,1 1.7 2.2 240 
4,13,1 0"9 2.0 127 

402 4.9 6.0 180 
412 6.8 7.3 41 
422 9.7 9.6 208 
432 9"3 9-3 179 
442 5.9 5.9 133 
452 4-0 3-9 l l I  
462 6-4 6.4 262 
472 7-5 7-4 116 
482 4-3 4-1 72 
492 1.6 1-4 276 

4,10,2 2-9 2.8 255 
4,11,2 4-0 4.7 83 

403 8.6 7-7 270 
413 7-5 8.0 20 
423 3-9 4.7 117 
433 8-4 8.5 164 
443 6-4 5.6 273 
453 3.9 5.1 8 
463 4.1 2-7 205 
473 2.3 3-3 194 

404 4-5 2.8 180 
414 4.2 3-4 55 
424 1-6 1.4 99 
434 2.5 2.4 1 
444 4-6 3"3 193 
454 3"0 3.2 54 
464 1.1 2-5 80 

405 2.4 1.4 270 
415 1.3 1.6 109 

500 6.6 8.3 180 
510 8.4 8"5 270 
520 2.2 1.9 0 
530 6.0 6.8 90 
540 5-3 2.6 0 
550 6.0 6.9 270 
560 1.0 0.4 0 
570 1.6 0.1 270 
580 9.4 10.0 0 
590 4-7 3-4 90 

5,10,0 2-3 1-1 0 
5,11,0 2.3 2.0 270 
5,12,0 3-2 3.8 0 

501 8.5 9-7 270 
511 4-5 5.4 157 
521 6.2 6.0 113 
531 11.6 11-5 192 
541 6"5 6.7 199 
551 6.9 4-0 204 
561 3-1 3.5 238 
571 3.5 2-2 180 
581 2.1 2.8 191 
591 9-9 10.9 189 

5,10,1 - -  1-1 357 
5,11,1 1.9 2.1 70 

502 5.0 5.4 0 
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hld Fob8 F¢~c. a (°) 
512 8"0 8"3 344 
522 5"9 5"6 26 
532 5"3 3"4 123 
542 5"7 5"0 338 
552 6"5 5"7 338 
562 3"8 4"3 107 
572 4-4 4"3 285 
582 2"7 2"9 299 
592 2"2 2"8 88 

5,10,2 1'5 1"9 101 

503 - -  1.1 270 
513 6.4 4.6 205 
523 2.6 3.6 264 
533 11.7 12.3 171 
543 2.9 3.4 42 
553 - -  2.3 348 
563 3.2 3.4 264 

504 - -  0.4 180 
514 2-7 2-1 238 
524 3.4 3.2 338 
534 2.9 2.4 120 
544 - -  0.7 23 

600 2.7 1-4 180 
610 7.7 6.6 270 
620 5-1 3.9 0 
630 1.2 1.2 90 
640 1.0 3.0 0 
650 7.5 8.2 270 
660 5.2 6.8 180 
670 6"7 5.7 270 
680 2.9 1.6 180 
690 1.1 0.7 270 

6,10,0 - -  0-1 180 

T a b l e  2 (cont.) 

hkl Fot, B. F¢,lc. a (o) 
6,11,0 5"9 5"9 270 

601 0"9 0"2 270 
611 2"3 1-2 197 
621 5"3 3"1 80 
631 3"0 2"3 112 
641 4"9 5"7 355 
651 2"0 2"5 15 
661 5"1 3-9 86 
671 2"6 2"4 138 
681 2"0 2"6 355 
691 4"3 3"6 348 

6,10,1 1"7 2"3 113 

602 9"2 10"6 180 
612 9"0 8"5 237 
622 1"9 2"3 17 
632 2"9 1"7 327 
642 3"2 3"0 257 
652 6"7 7"0 233 
662 3"9 3"8 161 
672 3"7 3"9 264 
682 2"7 4"1 332 

603 5"0 5"1 90 
613 2"7 2-7 302 
623 0"8 0"9 201 
633 4"1 4-2 17 
643 2"9 2"8 103 
653 2"2 2"6 205 

604 2"9 3"4 180 
614 4"2 4"0 303 

700 8"1 8"3 180 
710 2"5 1-2 270 

hkl Fob8 F~c. a (o) 
720 0"9 0"2 0 
730 2"1 2"2 270 
740 3"8 3"0 180 
750 - -  1.3 90 
760 1.4 0.2 0 
770 - -  0.7 270 
780 1.8 0.7 0 

701 5.1 6.7 90 
711 3.8 3.6 316 
721 6.7 6.4 259 
731 3"9 3"9 6 
741 4.0 3.5 213 
751 2.7 2.1 316 
761 1.1 2.3 114 
771 1.7 1.2 269 
781 3.5 4.5 249 

702 0.7 0.8 180 
712 2-6 1.1 168 
722 1.3 1.3 6 
732 3.4 3.1 26 
742 1.7 2.0 90 

703 1.0 0.7 270 
713 1.3 1.0 162 

o 
810 0.8 90 
820 1.4 1.9 0 
830 2.1 2.4 90 

801 3"0 2.3 90 
811 3.2 2.8 88 
821 3-9 1.3 299 
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I n  t h e  Hol le r i th  m e t h o d s  for s u m m i n g  Four i e r  series 
which  h a v e  been  descr ibed  h i t he r to  (e.g. Cox, Gross & 
Je f f rey ,  1947) t he  p u n c h e d  cards  h a v e  been  essent ia l ly  
m o r e  accu ra t e  B e e v e r s - L i p s o n  strips.  I t  was  possible to  
r educe  the  n u m b e r  of  cards  b y  us ing t h e  t e c h n i q u e  of  
'p rogress ive  d ig i t ing ' ,  a n d  s u b s e q u e n t l y  we f o u n d  t h a t  
f u r t h e r  a d v a n t a g e s  could  be ob t a ined  b y  express ing t h e  
a m p l i t u d e s  in t he  b i n a r y  scale a n d  us ing the  f ea tu re  of  t he  
B.T.M. Rol l ing Tota l  T a b u l a t o r  w h e r e b y  a c o u n t e r  can  be 
a d d e d  into  i tself  to double  its con t en t s ;  never the less ,  all 
m e t h o d s  r e t a ined  an  undes i rab le  f ea tu re  of  t he  original  
B e e v e r s - L i p s o n  procedure ,  n a m e l y ,  t h e  p r e l i m i n a r y  selec- 
t ion  of  cards  f rom a filing sys tem.  H a n d  select ion requi res  
careful  checking,  a n d  u l t i m a t e l y  t h e  cards  m u s t  be refi led 
a n d  again  checked ;  these  are  ted ious  a n d  t i m e - c o n s u m i n g  
opera t ions ,  howeve r  well t h e y  are  organized.  

January 1950) 

This  n o t e  out l ines  t h e  pr inciples  of  a n e w  m e t h o d  wh ich  
has  been  deve loped  b y  one of  us (D. M. S. Greenha lgh)  
a n d  which  has  t h e  g rea t  a d v a n t a g e  t h a t  h a n d  select ion a n d  
filing of  cards  h a v e  been  e l imina ted .  Ful l  t echn ica l  deta i ls  
are  be ing  pub l i shed  e lsewhere  (Greenhalgh,  1950). F o r  t h e  
first  s tage  of  a synthes is ,  t h e  app rop r i a t e  a m p l i t u d e s  A n 
are  h a n d - p u n c h e d  on to  t h e  re la t ive ly  smal l  n u m b e r  of  
cards  requi red ,  a n d  for subsequen t  s tages t he  a m p l i t u d e s  
can  be s u m m a r y - p u n c h e d  f r o m  t h e  resul ts  of  t h e  pre-  
ceding summat ions .  T h e  t r i gonomet r i c  func t ions  are  repre-  
s en ted  in t h e  b i n a r y  scale in t h e  w a y  descr ibed  below, a n d  
are  t r ans f e r r ed  to  these  cards  f r o m  a m a s t e r  pack .  The  
whole  set  of  cards  can  be s to red  a f t e r w a r d s  as a c o m p a c t  
a n d  p e r m a n e n t  r eco rd  of  t h e  job. 

All t h e  a r i t h m e t i c a l  opera t ions  in a syn thes i s  b y  t h e  n e w  
m e t h o d  are  p e r f o r m e d  in t h e  o r d i n a r y  dec imal  scale on  t h e  
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